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1. INTRODUCTION 
The Reynolds equation explains the process of hydrodynamic lubrication 
in both qualitative and quantitative terms for small Reynolds numbers. The 
validity of the equation rests on the physical fact that the height of the fluid 
film is very small compared to its other two physical dimensions. As a con- 
sequence all the hydrodynamic variations across the fluid film are 
negligible and the relevant Reynolds number in the bearings is usually 
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small enough in case of laminar flows for the inertia and the turbulence 
effects to be neglected. At sufficiently large Reynolds numbers the inertia 
forces of the lubricant become of the same order of magnitude as the shear- 
ing forces and the laminar flow gives way in stages to a turbulent state. 
However, even at moderate Reynolds numbers, for laminar flow of the 
lubricant, the contribution of the inertia forces to the dynamics of bearings 
remains small. Thus, one visualizes (see Pinkus and Sternlicht [ 11) three 
broad regimes of the bearing operation: a lower regime of laminar flow in 
which the viscous forces are dominant, a narrow intermediate regime in 
which the flow is still laminar but both viscous and inertia forces are 
significant, and an upper regime in which turbulent conditions prevail. The 
lower regime is exceptionally well described by Reynolds theory. On the 
other hand, in the narrow intermediate regime the existing theoretical for- 
mulations, like the iteration technique or the average inertia technique, are 
applicable for one-dimensional incompressible problems only and are not 
amenable to extensions (see also Osterle and Saibel [Z]). These techniques 
cannot be looked upon as parts of a uniformly valid theory connecting the 
lower two regimes. As a consequence the utility of such schemes is limited. 
Surprisingly, there has been no attempt to develop an extended Reynolds 
theory including inertia effects to lit both the lower and the narrow inter- 
mediate regimes globally. The present work is aimed at bridging this gap. 
The upper regime being non-laminar is outside the scope of a Reynolds-like 
approach. 
To include the inertia effects in an extended Reynolds theory we propose 
a new iteration process with the following crucial difference: In the existing 
iteration technique [l] the component of the velocity transverse to the 
fluid film is evaluated with the help of the equation of continuity which 
blocks the way of extending the Reynolds equation in the narrow inter- 
mediate regime. In contrast, we evaluate the same component of velocity 
with the help of the momentum equation transverse to the fluid film and 
subsequently utilize the equation of continuity precisely the way Reynolds 
did. It then becomes possible to extend the Reynolds’ treatment to include 
the inertia effects in the narrow intermediate regime. We obtain the desired 
extended equation and discuss the inertia effects in some particular cases. 
2. DERIVATION OF AN EXTENDED REYNOLDS EQUATION 
The governing equations and the boundary conditions describing the 
steady flow of a lubricant, with inertia effects included, are 
(1) 
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and u=Ur, v=O, w= W, at z=O, and u=U2, v=O, w= W, at z=h 
along with the appropriate boundary conditions on p, where x, y, z are the 
Cartesian coordinates with the z-axis transverse to the film, U, v, w  are the 
respective components of the velocity, p(x, y) is the density, ~(x, y) is the 
viscosity, p(x, y) is the pressure, h(x, y) is the film shape and U1, Uz, W,, 
W, are the surface velocities which could be functions of x, y. The solutions 
of the above equations for U, v, w, and p when the inertia effects are neglec- 
ted are well known [l]. Denoting these by uO, vO, wO, and pO, we have 
1 ah u,=--z(z-h)+ 
zp ax 
1 ah v,=--z(z-h), 
2~ aY 
w,=(W,- WI);+ w,, (7) 
where p,, satisfies the Reynolds equation 
= P(W2- WI), (8) 
and the appropriate boundary conditions. 
The iteration process we suggest is the following: we substitute u,,, vO, 
and w0 for U, v and w  respectively everywhere in the left-hand sides of the 
Eqs. (1) and (2) and solve the resulting equations for u and v with the 
appropriate boundary conditions. We substitute this u and v in the 
equation of continuity (4) and integrate it over the range of z to obtain the 
extended Reynolds equation for p. The solution of this equation under the 
appropriate boundary conditions yields p and hence u and v also. The 
solution for w  is obtained by solving the Eq. (3) under the appropriate 
boundary conditions after substituting uO, vO, and w0 for U, v, and w  respec- 
tively in the left-hand side of the equation. The functions U, II, w, and p thus 
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derived constitute the first approximate solution. Higher approximations 
can now be obtained by repeating the above procedure. We remark that 
the above scheme of calculations is uniformly applicable to the case when 
the inertia effects are neglected. Indeed, if uO, uO, and w0 are substituted in 
place of U, v, and w  respectively in Eq. (4), and the resulting equation is 
integrated over the range of z (0 6 z < h), one obtains the Reynolds 
equation. This alternative route to the Reynolds equation extends naturally 
to include the inertia effects. 
In the first approximation, our scheme leads to the following extended 
Reynolds equation for the pressure p: 
ap, h4 +(w,-W,)-- 
ax 240~ 
+(Wl- W,)(U,-U,)h’,24-; W,(U2-Ul) I> 
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where the quantity within the Q . b brackets is the contribution of the 
inertia forces. In many cases of practical interest p and p are constant, and 
Ui = U = a constant, U2 =O, W, = 0 = W, . The extended Reynolds 
equation (9) then simplifies into 
&(h’$$+f-(h’$)-6pUg 
+(-gp{g$(g$+$g$-) 
+ 
This is our main result. Note from Eq. (8) that the pressure gradient is of 
magnitude 0(1/h’); hence the inertia correction to Reynolds equation is of 
magnitude O(h3) and is proportional to pU*. Integration of the extended 
Reynolds Eq. (10) in particular cases is straightforward as shown below. 
(a) Infinitely short bearing. This limit is approached for very narrow 
bearings in which the pressure gradients in the x-direction can be neglected 
while retaining the component due to shear. Equation (10) then reduces to 
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3. PARTICULAR CASES 
(11) 
for an aligned journal for which h = h(x) alone. The solution of Eq. (11) 
with the boundary conditions, p = 0 at y = f L/2 (L = bearing length) is 
Setting, as usual, h = C(l + E cos 0) and x = Rfl, where C is the radial 
clearance, R is the radius, and E is the eccentricity ratio, we obtain from 
Eq. (12) 
[ 
3W E sin 0 U2P 40 13(1 -E2) -- 
‘= RC* (1 +ECOS~)~ 140R* 27-(1+ & cos e) + (1+ E cos 8)2 II 
(13) 
Hence, the components W, and WY of the load capacity in the x and y 
directions are given by 
W, = - 2 jz jLj2 p cos 8R d6 dy 
0 0 
U/AL3 E2 =-- 
c2 (1 -E2)2+ 
p sin 8R dtl dy 
(Ida) 
U#lL3 E K 
=4c2(1 - E2)3/2 (14b) 
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Equations (13) and (14) show that the contributions of the inertia forces to 
p, W,, and WV are proportional to pU*. Further, since E < 1, we have 
{(40- 13s’)/&i=7} -4o>o 
and 
log{(l --E)/(l +E)} +2s<o, 
and hence, the inertia contributions increase the net load capacity. 
(b) Infinitely long bearing. If we assume the bearing to be infinitely long 
in the axial direction, it implies no variation of pressure in the y direction. 
Hence, Eq. (10) reduces to the one-dimensional form 
h5iJ d2p0 -- 
20/l dx2 
,dh 3u h4dhdPo+U2 
20~ dx dx 
rh z =O. (15) 
Setting, as before, h = C( 1 + E cos 0) and x = Rf3 in Eq. (15), we get 
f {(l + E cos 8)‘$) 
6pUuR~ sin 0 p& d 
C2 -TTiiFqe (16) 
x -4@J2C2( 1 + E cos 8)3 + 3UC( 1 + 8 cos 19) Cr + z il , 
where 
c 
1 
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which can be solved by the Sommerfeld technique [ 11. The solution of 
Eq. (16) that satisfies the boundary conditions 
p=o atfI=Oand0=0,, 
dp -&=o at f3=8,, 
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is given by 
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From the expression (17) for p, the components W,r and W, of the load 
capacity are given by 
i 
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+ 4 2 + E*y (,‘~~~~~~~-9&(l--OSill*) 
x {(1-&+&~)+2&COS~2} 1 (18b) 
As before, the inertia contributions to p, W,, and WY are proportional to 
pu*. 
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